COMPUTATIOMAL
BIOLOGY

:@-PL

GPEN a ACCESS Freely available online

The Time Scale of Evolutionary Innovation

CrossMark

kb gl

Krishnendu Chatterjee'*, Andreas Pavlogiannis', Ben Adlam® Martin A. Nowak?

1157 Austria, Klosterneuburg, Austria, 2 Program for Evolutionary Dynamics, Department of Organismic and Evolutionary Biology, Deparmment of Mathermatics, Harvard
University, Cambridge, Massachusems, United States of America

Abstract

A fundamental question in biology is the following: what is the time scale that is needed for evolutionary innovations?
There are many results that characterize single steps in terms of the fixation time of new mutants arising in populations of
certain size and structure. But here we ask a different guestion, which is concerned with the much longer time scale of
evolutionary trajectories: how long does it take for a population exploring a fitness landscape to find target sequences that
encode new biological functions? Our key variable is the length, L, of the genetic sequence that undergoes adaptation. In
computer science there is a crucial distinction between problems that reguire algorithms which take polynomial or
exponential time. The latter are considered to be intractable. Here we develop a theoretical approach that allows us to
estimate the time of evolution as function of L. We show that adaptation on many fitness landscapes takes time that is
exponential in L, even if there are broad selection gradients and many targets uniformly distributed in sequence space.
These negative results lead us to search for specific mechanisms that allow evolution to work on polynomial time scales. We
study a regeneration process and show that it enables evolution to work in polynomial time.
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Intreduction

Chur planet came into existence 4.6 billion years ago. There s
clear chermical evidence for life on earth 3.5 hillion vears ago [1.2].
The evolutionary  process  generated procara, eucara  and
complex multi-cellular organisms. Throughout the history of life,
evolution had to discover sequences of bological polymers that
perfomm specific, complicated functions. The average length of
hacterial genes 15 about 1000 nucleotides, that of human genes
about 3000 nucleotides. The longest known bacterial  gene
contains more than ¥ nuceotides, the longest human gene
more than 10°. A hasic cuestion is what 3 the time scale required
by evolution to discover the sequences that perform desired
functions. While many results exist for the fixaton tme of
individual mutants [513], here we ask how the time scale of
evolution depends on the length £ of the sequence that needs to be
adapted. We consider the crucial distinetion of polynomial versos
exponential time [16 18], A time scale that grows exponentially in
L 15 nfeasible for long sequences.

Evolutionary dynamics operates in sequence space, which can

he mmagmed as a discrete muolii-dimensional latbice that arses
when all sequences of a given length are arranged such that
nearest neighbors differ by one point mutation [19]. For constant
selection, each point in sequence space is associated with a non-
negatrve fitness value (reproductive rate]. The resuliing fiiness
landscape is a high dimensional mountain range. Populations
explore fitness landscapes searching for elevated regions, dges,
and peaks [20-27].

A question that has been extensively studied 15 how long does it
take for existing hiological functions to improve under natural
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selection. This problem leads w the study of adaptive walks on
fitness landscapes [15,2002120,29]. In this paper we ask a different
question: how long does it ke for evolution to discover a new
function? More specifically, our aim 15w estimate the expected
discovery tme of new hiological functions: how long does i take
for a population of reproducing organisms to discover a binlogical
function that s not present at the beginning of the search. We will
discuss two approximations for ragged liness landscapes. We also
discuss the sigmificance of clustered peaks.

We consider an alphabet of size four, as s the case for DDINA and
RNA, and a nucleotide sequence of length L We consider a
population of size &, which reproduces asexually, The mutation
rate, i, 15 small: individual mutations are introdueced and evaluated
by natural selection and random drift one at a time. The
probability that the evolutionary process moves from a secquence {
o a sequence f, which is at Hamming distance one from {, is given
by P
sequence fina population consisting of sequence £ In the special
case of a flat fness landscape, we have g =1/, and
Pyymuf(3L)]. Thus we have an evolutionary random walk,

[Me/(3L) o g where g, ds the fixaton probabiliy of

where each step 15 a jump to a neighboring sequence of Hamming
distance one.

Results

Consider a  high-dimensional sequence space. A particular
biological function can be instantiated by some of the sequences.
Each sequence § has a fitness value f;, which measures the abilite of
the sequence § to encode the desired function. Biological fitness
landscapes are typically expected o have many peaks [29 51].
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Author Summary

Evolutionary adaptation can be described as a biased,
stochastic walk of a population of sequences in a high
dimensional sequence space. The population explores a
fitness landscape. The mutation-selection process biases
the population towards regions of higher fitness. In this
paper we estimate the time scale that is needed for
evolutionary innovation. Our key parameter is the length
of the genetic sequence that needs to be adapted. We
show that a wvariety of evolutionary processes take
exponential time in sequence length. We propose a
specific process, which we call ‘regeneration processes’,
and show that it allows evelution to work on polynomial
time scales. In this view, evolution can solve a problem
efficiently if it has solved a similar problem already.

Thev can be highly rugeged due to epistatic effecs of mutations
[32 34]. They can also contain large regions or networks of
nentrality [20021]. Empirical studies of short RNA sequences have
revealed that the underlying fitness landscape has low peak density
[33]: around 15 peaks in 4 sequences.

For the purpose of estimating the expected discovery time we
can approximate the fmess landscape with a binary step unction
over the sequence space. We discuss two dilferent approximations
[Figure: 1}, For the first approximation, we consider the scenario
where ftness values below some threshold, fpig. have negligible
contribution;  those sequences do not instantiate the  desired
function (either not at all or only below the minimum level that
could be detected by patural selection). We approcimate the
rugged fitness landscape as follows: i f < fly, then =0, if
fr = fuin then fi= 1. The set of sequences with fi 2 fn constitutes
the target set, and the remaining fitness landscape is neatral.

The second approximation works as follows. Consider  the
evilutionary process exploring a rugged finess landscape where
the goal is to attain a fitness level . Local masxima below * slow
down  the evolutionary process to attain f°, because  the
evolutionary walk might get stuck in those local maxima. In order
toy derive lower bounds for the expected discovery time, the mgzed
finess landscape can be approximated as follows. Let § e the
fitness value of the highest local maximum below (. Then for
every sequence ina mountain range with a local maximum below

f* we assign the fitness value . The mountain ranges with local
maxima above [ are the target sequences. Note that the target set
includes sequences that start at the upslope of mountain ranges
with peaks above (7. Thus, again we obtain a fitmess landscape
with clustered targets and neutral region, where the nevtral region
consists of all sequences whose fitness values have heen assigned to

_jl-". The two approsimations are illustrated o Figure 1. For
f* = fin the second approximation generates larger target areas
than the first approximation and is therefore more lenient.

Chur key results for esumating the discovery time can now be
formulated for binary Gtness landscapes, but they apply o any
tvpe of rugged landscape using one of the two approximations. We
note that our methods can also be apphed for certain non-hinary
fitness landscapes, and an example of a fitness landscape with a
large gracient arising brom muloplicatve Gtoess effects 15 disenssed
in Sections 6 and 7 of Texr 51,

We now present our main results in the following order. We first
eatimate the discovery time of a single search aiming to find a
single broad peak. Then we study multiple simultancous searches
for a single broad peak. Finally, we consider multiple broad peaks
that are uniformly randomly distnbuted in sequence space.
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We first study a hroad peak of target sequences described as
follows: consider a specilic sequence; any sequence within a certain
Hamming distance of that sequence helongs to the targer set.
Spectfically, we consider that the evolutionary  process has
succeeded, i the population discovers a sequence that differs
from the specific sequence in no more than a fraction ¢ of
paositions. We refer to the specific sequence as the target center and
¢ as the width (or radius) of the peak. For example, it L= 100 and
c=(L1, then the target center i swrrounded by a clond of
approximacely 10" sequences. For a single broad peak with wicdth
¢, the target set contains at least 2L AL sequences, which is an
cxponental fimction of L The Giness landscape outside the broacd
peak s Oat. We refer this hinary fitness landscape as a broad peak
landscape. The population needs to discover any one of the target
sequences in the broad peak, starting from some sequence that s
not i the broad peak. We establish the following result.

Theorem 1. Consider o angle search exploving a broad peak
eneseefee wille widdth ¢ and mudaton rale w The folloaming
assertions fold;

o if ¢34 then there exists Loefd suwel that for all sequence
speces of sequence length Lz Ly, the expected doscovery fone i

L 4]
al least expl(3 4('}E|°§ o |_3|~'

* o= 3;’4. then jfo all seqieenice sfurces of segierice !ﬂjgﬁl L. the
r'.x'lfn'r!m’ ilise ouery fenie ix al wiosd (}{LJI,-'IH].

Clur result can be interpreted as follows (see Theorem 52 and
Corollary 52 in Text 31 (0) If 0 < 3/4, then the expected discovery
time s exponential in L; and (5] if ¢23/4, then the expected
discovery tme 1= polynomial m L. Thuos, we have derived a strong
dechurtonny result which shows a sharp transition from polynomial
o exponential time depending on whether a specific condition on
¢ does or does not hold.

For the four letter alphabet most random sequences have
Hamming distance 3L/4 from the target center. I the population
15 further away than this Hamming distance, then random drift
will bring 1t closer. If the population is closer than this Hamming
distance, then random drifi will push it further away. This
argument constitutes the intuitive reason that ¢ = 3/4 is the critical
threshold. I the peak has a widih of less than ¢=3/4, then we
privve that the expected  discovery time by random drift s
exponential in the sequence length L Gee Figure 20 This result
haolds for any population size, N, as long as AL = N which s
certainby the case for reabistic values of L and & Inthe Text 51 we
also present a more general result, where along with a single broad
peak, instead of a flat landscape outside the peak we consider a
multiplicative fitness landscape and establish a sharp dichotomy
result that generalizes Theorem 1 (see Corollary 52 m Text 510,

Remark 1. We highlight fwe fmporiant aspects af sy results,

I First, when we establich exponiential ey bownds for the
expected discovery time, en these loaver bvwnds old sven o the
starling sequence i only a few stefs anay from the farged sel.

2 Second, we fresend stroeg dichetomy  resudis, amd derie
weathemdically the most frecise and  strongest forn of the
boieleery condition.

Let us now give a numerical example to demonstraee that
exponental tme 15 intractable. Bactenal Life on carth has heen
around for at least 3.5 billion vears, which correspond o 3 = 108
hours. Assuming fast bacterial cell division of 20030 minutes on
average we have at most 10" generations. The expected discovery
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Figure 1. Approximations of a highly rugged fitness landscape by broad peaks and neutral regions. The figures depict examples of
highly rugged fitness landscapes where the sequence space has been projected in one dimension. (&) Seguences with fitness below some lewvel
are functionally very different to the desired function, and selection cannot act upon them. All other sequences are considered as targets. The fitness
landscape is approximated by a step function: if f, < f,,. then §, =0, otherwise {, =1. (B} Local maxima below the desired fitness threshold /™ are
known to slow down the evolutionary random walk towards sequences that attain fitness at least /. We approximate the fitness landscape by broad
peaks and neutral regions by increasing the fitness of every sequence that belongs in a mountain range with fitness below /* to the maximal local
maxima f below f*. Mote that the target set starts from the upslope of 2 mountain range whose peak exceeds /*

doi: 10,1371/ joumnal.pebi. 1003818.9001

Theorem 2.

time for a sequence of length L= 1000 with a very large broad
peak of ¢=1/2 is approximately 10°° generations; see Tahle 1.

If individual evalutionary  processes cannot fnd  targets in
pobmomial tme, then perhaps the success of evolution 15 based on
the fact that many populations are searching independently and in
parallel for a particular adaptation. We prove  thar multiple,
independent parallel searches are not the solution of the problem,
i the starting sequence is far away from the arget center. Formally
we show the ollowing resule.

A exp(L) B

i
'

2 ' &
-8 : 2]
® B ' %8
55 : T 5
oy By
o H - &
.= ' ..-E

[T ' i

'
L} u
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I all cases wheve the loaver bownd on the exjected
disconery time s exponential, for aff polynomials pi(-y, pa(-) and
pal-l for any stavting sequence with Haponng distance al least
AL/ from the target ceviter, the prabiability for any one out of pa(L)
inddeperdent mlliple searches o veach the torgel sel witlan py(L)
stefes dx al weast 1/ p2{ L)

If an ewvolutionary  process  takes  exponential  time,  then
pobynomially many mdependent searches do not find the target
in polynomial time with reasonable probability (for details sec

poly(L) c

10" |-
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“]1:
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14"

1w

Discovery time (in generations)
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4 Sequence length, L
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Figure 2. Broad peak with different fitness landscapes. For the broad peak there is a specific sequence, and all sequences that are within
Hamming distance cf. are part of the target set. The fitness landscape is flat outside the broad peak. (A) If the width of the broad peak is ¢ = 3 /4, then
the expected discovery time is exponential in sequence length, L. (B} If the width of the broad peak is ¢ = 1/4, then the expected discovery time is
polynomial in sequence length, L. (Ch Mumerical calculations for broad peak fitness landscapes. We observe exponential expected discovery time for
c=1/% and ¢=1/2, whereas polynomial expected discovery time for =3 /4.

doi:10.1371/journal.pebi. 10038189002

PLOS Computational Biolegy | www.ploscompbiol.org 3 September 2014 | Volume 10 | Issue 9 | 1003318

EFTA00611783



The Time Scale of Evelutionary Innovation

Table 1. Mumerical data for discovery time in flat fithess landscapes.

r=1 £= ;— = ‘lr = ;
L=1F L0210 736107 183
L=10¢ 5.0 101™ 128105 b6

Nurnerical data for the discovery time of broad peaks with width ¢=1/3,1/2, and 3,4 embedded in flat fithess landscapes. First the discovery time is computed for
small values of L as shown in Figure 2(C). Then the exponential growth is extrapolated to L= 100 and L= 1000, respectively. We show the discovery times for c=1/2,

and /3. For £ =3/4 the values are polynomial in L.
doi: 101371 fjournal pebi. 10038180001

Theorem 55 m the Text 510 We also show an mformal and
approximate  caloulation  of the soccess probabilite. for M
independent searches, as follows: if the expected discovery time
is exponential [zay, {f_:: then the probability that all M independent
scarches fail upto b steps is at least exp{ —{(Mb)/d) (e, the
success probability within £ steps of any of the searches is at most
1 = expi = (MB)/d}), when the starting sequence is far away from
the target center. In such a case, one could quickly exhaust the
physical resources of an entre planet. The estimated number of
bacterial cells [36] on earth is about 10%. To give a specific
example let us assume that there are 10* independent searches,
each with population size N = 10% The probability that at least
one of those independent searches succeeds within ot FENeTa-
tions for sequence length L= 1000 and broad peak of ¢=1/2 is
less than 1077,

In our hasic model, ndividual mutanes are evaluated one at a
time. The sitwation of many mutant ineages evalving in parallel 1
similar to the multiple searches descrbed above. As we show that
whenever a single  search takes  exponential  time,  muoltiple
independent searches do not Iead to pobmomial tme solutions,
our results imply intractability for this case as well.

We now explore the case of muoliple broad peaks that are
uniformly and randomly distributed. Consider that there are i
target centers. Around each target center there 35 a selection
gracient extending up to a distance ¢, Formally we can consider
any fitness function [ that assigns zero [mess tooa sequence whose
Hamming distance exceeds oL from all the target centers, which in
particular = subsumed by considering the multiple broad peaks
where around each center we consider a broad peak of target set
with peak width ¢, We establish the following result:

Theorem 3.  Consider a single search wnder the multiple frood
peak finess fndseape of n< <45 target centers chosen uniformly
al random, with }‘Jm.fr wiedth al most ¢ jor e f center and © -::3;"4.
Thew aoith high probability, the expected diseovery time af the targel
sel iv al least (1 m)exp[2L(3 /4 {'}:].

Whether or not the function {1/ exp[2L{3/ .'.':Il] is
exponential in L depends on how o changes with L. But even if
we assume exponentially many broad peak centers, s, with peak
width ¢l where ¢<3/4, we need not obtain polynomial time
[Figure 3 and Theorem 56 m Test 51

It is known that recombination may accelerate evolution on
certain fitness landscapes [20,37 39], and recombination may also
slow down evolution on other ftness landscapes [40]. Recombi-
nation, however, reduces the discovery time onby by at most a
lmear factor in sequence length (268,37 38 41 42]. A lincar or even
pobmomial factor iaprovement over an exponential fanction does
not cowvert the exponential function into a polynomial one.
Hence, recombination can make a significant difference only if the
underlving evolutionary process without recombinatnon already
operates in polynomial tme.

PLOS Computational Biolegy | www.ploscompbiol.org

What are then adaptive problems that can be solved by
evolution in polynomial time? We propose a “regeneration
process”. The basic idea s that evolution can solve a new
problem efficiently, if it 15 has solved a similar problem already.
Suppose gene duplication or genome rearrangement can gve risc
i starting sequences that are at most £ point mutations away from
the target set, where & is a number that s independent of L. Tt s
important that starting sequences can be regenerated agam and
again. We prove that L ! many searches are sufficient in order to
find the target in pobmomial time with high probability (see
Figure 4 and Section 10 i Text 51). The upper hound, LR
holds even for neatral drift (without selection). Note that in this
case, the expected discovery time for any single search 15 sl
exponental. Therefore, most of the L5 searches do not succeed
in palynomial tme: however, with high probability one of the
searches succeeds in pobmomial time. There are two key aspects to
the “regeneration process™': (a) the starting sequence is only a small
number of steps away from the warget; and (b)) the starting
sequence can be generated  repeatedly. This process enahles
evolution to overcome the exponential barrer. The upper bound,
L* may pessibly be further reduced, i selection and/or
recombination are included.

Discussion

The regeneration process formalizes the role of several existing
ideas. First, it ties in with the proposal that gene duplications and
genome rearrangements are major events leading to the emer-
gence of new genes [43]0 Second, evolution can be seen as a
tinkerer plaving around with small modifications of existing
sequences rather than creating entirely new ones [44]. Third, the
process 15 related o Gillespie's suggesdon [29] that the starting
sequence for an evolutionary search must have high fimess. In our
theory, proximity in fitness value s replaced by proximity in
sequence space. However, our results show that procamity alone is
msullicient to break the exponential barrder, and only when
combined with the process of regeneration 1t yiclds polynomial
discovery tme with high probability. Our process can also explain
the emergence of orphan genes ansing from non-coding regions
[453]. Secton 12 of the Text 51 discusses the connection of ouar
approach to existing resulis.

There is one other scenario that must be mentioned. It is
possible that certain biological functons are hyper-abundant in
sequence space [21] and that a process generating a large number
of random sequences will find the foneton with high probabilice.
For example, Bartel & Szostak [46] solated a new rbozyvme from
a pool of about 10" random sequences of length L=220. While
such a process s conceivable for small effective sequence length, it
cannot represent a general solution for large L.

Chor theory has clear empinical implications. The regeneration
process can be tested n svstems of inovitro evolution [47]. A
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Figure 3. The search for randomly, uniformly distributed targets in sequence space. (A} The target set consists of m random sequences;
each one of them is surrounded by a broad peak of width up to cL. The figure shows a pictorial illustration where the L-dimensional sequence space
is projected onto two dimensions. From a randomly chosen starting sequence outside the target set, the expected discovery time is at least
I'],-"mju:x'p:llt3,-'4—:'_||z|, which can be exponential in L. (B) Computer simulations showing the average discovery time of we= 100, 150, and 200
targets, with c=1,3. We observe exponential dependency on L. The discovery time is averaged over 200 runs. (C) Success probability estimated as
the fraction of the 200 searches that succeed in finding one of the target sequences within 10" generations. The success probability drops
exponentially with L. (D) Success probability as a function of time for L=42, 45, and 48. (E} Discovery time for a large number of randomly generated
target sequences. Either =257 ar m =4"" sequences were generated. For fr=0 and =3 the target set consists of balls of Hamming distance [}
and 3 (respectively) around each sequence. The figure shows the average discovery time of 100 runs. As expected we observe that the discovery time
grows exponentially with sequence length, L.

doi:10.1371/journal.pebi. 10038189003

starting sequence can be generated by introducing & point
mutations n a known protein encoding sequence of length L0 IF

these point mutations destroy the function of the protein, then the
Process re-generating starting sequence expected discovery time of any one attempt to find the original

at Hamming distance k from target

sequence should be exponential in L. But only pobmomially many

searches in L oare required o find the target with high probabilivy
m pobmomally many steps. The same setup can be wsed to
explore whether the biological function can be found elsewhere in
sequence space: the evolutionary wajectory beginning with the
Target starting secuence could discover new solutions. Cur theory also

highlights how important it s o explore the distnbonon of
[ —— : biological functions in sequence space both for BENAC[20,21,35 46]
/ ¥ and n the prowin universe [$8].

In summary, we have developed a theory that allows us to

Hamming distance catimate time scales of evolutionary trajectories. We have shown
that various natural processes of evolution take exponenial time as
Figure 4. Regeneration process. Gene duplication (or possibly some function of the sequence length, L. In some cases we have

other process) generates a steady stream of starting sequences that are
a constant number & of mutations away from the target. Many searches
drift away from the target, but some will succeed in polynomially many
steps. We prove that 15! searches ensure that with high probability

catablished strong dichotomy results for precise boundary condi-
tions. We have proposed a mechanism that allows evolution in
pobynomial time scales. Some nteresting divections of futare work

some search succeed in polynomially many steps. are as follows: (1) Consider various forms of rogged  ftness
doi:10.137 1/journal.pcbi 1003818.9004 landscapes and study more reflined approximations as compared to
PLOS Computational Biolegy | www.ploscompbiol.org 5 September 2014 | Volume 10 | Issue 9 | 1003318
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the ones we consider; and then estimate the expected discovery
time for the refined approxamations. (2 While i ihis paper we
characterize the difference between exponential and polynomial
for the expected discovery time, more refined analysis (such as
cificiency for polynomial time, hke cubic v quadratic time) for
specific fitness landscapes vsing mechansms ke recombination 1s
another nteresting problem.

Materials and Methods

Chur results are based on a mathematical analysis of the
underlving stochastic processes. For Markov chains on the one-
dimensional grd, we  deseribe recurrence relations for the
expected hitting time and present lower and upper bounds on
the expected hitting time using combinatorial analyvsis (see Text
51 for details), We now present the basic intuitive arguments of
the main resulis.

Markov chain on the one-dimensional grid

For a single hroad peak, due w symmetry we can mterpret the
evolutionary  random walk as a Markew chain on the one-
dimensional grid. A sequence of tvpe § i { steps away rom the
target, where { s the Hamming distance between this sequence and
the target. The probability that a type § sequence mutates to a oype
i—1 sequence i= given by i /(3L). The stochastic process of the
evolutionary random walk is a Markov chain on the one-dimensional
grid 0,1, L.

The basic recurrence relation

Consider a Markov chain on the one-dimensional grid, and let
{0 denote the expected hiting time from § 1o . The general
recurrence relation for the expected hitting time s as follows:

Hif =14 P B4 1) 4 P 5= 1)+ PO (1}
for j i< L, with boundary condibon H{f /)= 0. The micrpreta-
tion is as [ollows. Given the current state £, 18§97, at least one
transition will be made 1o a neighboring state , with probabilivy
Piy, from which the hitting time s 8{i0).

Intuition behind Thearem 1

Theorem | is derived by obtaining precise bounds Tor the
recurrence relation of the hitting tme (Equation 1), Consider that
Py =0 for all <k =i ic, progres towards state [ s abways
possihle), as atherwise § s never reached from £ We show (see Lernma
T in the Text 510 that we can write Sild) as a sum,
Hijiy= E:_i ll by, where B, 35 the sequence defined as:

1
() Py —;
" Pl

I’P.L L .llrl")u 1

(1) fayy = for m=10.

P.L nl—n-1

The basic mmnon obtamned from Equation 2 15 as follows: (1) I

Prowt-ns1 ,
_o RN i for some constant A 1, then the seqquence b

Proni-n-1

grows at least as fast as a geometric series with Tactor 4 (i) On the
o PL—ni—r+l

other hand, f —————— =<1 and Pi ur-p-122 for some

L=nl-r-1
constant %0, then the sequence by, grows at most as [ast as an
arithmetic series with difference 12, From the above case analysis

PLOS Computational Biolegy | www.ploscompbiol.org
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the result for Theorem | s obtained as follows: IF ¢ < i, then for all

Prong-n+l

I44de . .
el < %L, we have =4 for some Az, and

L—nt—n-1

henee the sequence by grows geometrically for a linear length in L.
. 5 gd=ds . .

Then, HicL iy=47 L for all states = el e, for all sequences
outside of the target set). This corresponds wo case 1 of Theorem 1.

Proel

O the other hand, if e = n then it 1s =1, and case 3 of

L—mL-n-1
Theorems 115 derived for details see Corallary 2 Test 51,

Intuition behind Thearem 2

The hasic intuition for the result 15 as follows: consider a single
search for which the expected hitting time i exponential. Then for
the single search the probability to succeed in polynomially many
steps 15 negligible (as otherwise the expectation would nor have
heen exponential). In case of independent searches, the mdepen-
dence ensures that the probability that all searches fail 15 the
prodiuct of the probahilities that every single search fails. Using the
above arguments we establish Theorem 2 (for details see Section §
in Text 51,

Intuition behind Thearem 3

For this result, it is first convenient to view the evolutionary walk
taking place m the sequence space of all sequences of length L, under
no selection. Each sequence has 3L neighbors, and considering that a
point mutation happens, the wansition probabiliey to cach of them s

1
- The underlying Markov chain due to symmetry has fast mixing

L
tme, Le., the number of steps to converge o the statonary
distribution [the mixing time) s (L log L). Again by symuneiry

the stationary distribution is the uniform distobution. 15 e < ¥ then

from Theorem | we obtain that the expected dme o reach a single
broad peak is exponential. By union bound, if sr< <45, the
probability to reach any of the i broad peaks within L log L) steps
15 negligible. Since afier the firse (L log L) steps the Markow chain
comverges to the statonary distribution, then each step of the process
can be interpreted as selection of sequences uniformly at random
among all sequences. Using Hoeflding's inequality, we show that with
exp(2(3/4—¢)" L)
m
required before a sequence 15 found that belongs to the arget set
Thus we obtain the result of Theorem 3 (for details see Section 9 1n
Text 510,

high probability, in expectation such steps are

Remark about technigues

An important aspect of our work s that we establish our results
using clementary techniques for analvsis of Markov chains. The
wse  of more  advanced mathematical machinery, such as
martingales [49] or drft analysis [50,51], can possibly be used
o derive more refined results. While in this work our goal i to
distinguish between exponential and polynomial tme, whether
the technigues from  [49 51] can lead w0 a more refined
characterization within polynomial time i an interestng direc-
tion for future work.
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