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Direct reciprocity and conditional cooperation are important mechanisms to prevent free
riding in social dilemmas. But in large groups these mechanisms may become ineffective,
because they require single individuals to have a substantial influence on their peers. How-
ever, the recent discovery of the powerful class of zero-determinant strategies in the iterated
prisoner’s dilemma suggests that we may have underestimated the degree of control that
a single player can exert. Here, we develop a theory for zero-determinant strategies for
multiplaver social dilemmas, with any number of involved players. We distinguish several
particularly interesting subclasses of strategies: fair strategies ensure that the own payoff
matches the average payoff of the group; extortionate strategies allow a player to perform
above average; and generous strategies let a player perform below average. We use this the-
ory to explore how individuals can enhance their strategic options by forming alliances. The
effects of an alliance depend on the size of the alliance, the type of the social dilemma, and
on the strategy of the allies: fair alliances reduce the inequality within their group; extor-
tionate alliances outperform the remaining group members; but generous alliances increase
welfare. Our resulis highlight the critical interplay of individual control and alliance forma-
tion to succeed in large groups.
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Cooperation among self-interested individuals is generally difficult to achieve (1, 2), but typically
the free rider problem is aggravated even further when groups become large (3-8). In small com-
munities, cooperation can often be stabilized by forms of direct and indirect reciprocity (9-16).
For large groups, however, it has been suggested that these mechanisms may turn out to be in-
effective, as it becomes more difficult to keep track of the reputation of others, and because the
individual influence on others diminishes (3—7). To prevent the tragedy of the commons, and to
compensate for the lack of individual control, many successful communities have thus established
central institutions that enforce mutual cooperation (17-20).

However, a recent discovery suggesis that we may have underestimated the amount of control
that single players can exert in repeated games. For the repeated prisoner’s dilemma, Press and
Dvson (21) have shown the existence of zero-determinant strategies (or ZD strategies), which
allow a player to unilaterally enforce a linear relationship between the own payvoff and the co-
player’s payoff — irrespective of the co-player’s actual strategy. The class of zero-determinant
strategies is surprisingly rich: For example, a player who wants to ensure that the own payoff will
always match the co-player's payoft can do so by applying a fuir ZD strategy, like Tit-for-Tat. On
the other hand, a player who wants to outperform the respective opponent can do so by slightly
tweaking the Tit-for-Tat strategy to the own advantage, thereby giving rise to extortionate ZD
strategies. The discovery of such strategies has prompted several theoretical studies, exploring
how different ZD strategies evolve under various evolutionary conditions (22-28).

However, ZD strategies are not confined to pairwise games. In a recently published study,
it was shown that ZD strategies also exist in repeated public goods games (29); and herein we
will show that such strategies exist for all symmetric social dilemmas, with an arbitrary number
of participants. We also use this theory to demonstrate how zero-determinant strategists can even
further enhance their strategic options by forming alliances. As we will show, the impact of an
alliance depends on its size, the type of the social dilemma and on the applied strategy of the allies:
while fair alliances reduce inequality within their group, extortionate alliances strive for unilateral
advantages, with larger alliances being able to enforce even more extortionate relationships. These
results suggest that when a single individual's strategic options are limited, forming an alliance
may result in a considerable leverage.

To obtain these results, we consider a repeated social dilemma between n players. In each
round of the game players can independently decide whether to cooperate (C) or to defect (D).
A player's payoff depends on the player’s own decision, and on the decisions of all other group
members (see Fig. S1A): in a group in which j of the other group members cooperate, a co-
operator receives the payoff a;, whereas a defector obtains b;. We assume that payoffs satisfy
the following three properties that are characteristic for social dilemmas {corresponding to the
‘individual-centered” interpretation of altruism in (30)): () Irrespective of the own strategy, play-

ers prefer the other group members to cooperate (a;1 = a; and by = by for all 3). (i) Within

EFTA01074266



MNumber of cooperators

among co-players n-1  n2 2 1 o
Cooperator's payoff An-1  @n-2 a: ar ao
Defector's payolf be-r  bn-s bz br bo
B Public goods game Volunteers Dilemma
3
Defector - 2; poogpae g o000
2 B o Pl
b [} ()
E« 1 D__,u-"' E«j oL 0—0—0— 00— 00— 000
o i o Cooperalor
of o Copperalor al=b-4:'
- arcif+1)in-c |
o 2 4 B 8 10 1] 2 4 ] & 10
Mumber of cooparating co-players Mumber of cooperating co-players
C Alliance QOutsiders

ihhyity

Figure 51: Hlustration of the model assumptions for repeated social dilemmas. {A) We consider
symmetric social dilemmas in which each player can either cooperate or defect. The player's
payoff depends on the own decision, and on the number of other group members who decide o
cooperate. (B) We will discuss two particular examples: the public goods game (in which payoffs
are proportional to the number of cooperators), and the volunteers dilemma (as the most simple
example of a nonlinear social dilemma). (C) Alliances are defined as a collection of individuals
who coordinate on a joint ZD strategy. We refer to the set of group members that are not part of
the alliance as outsiders. Outsiders are not restricted to any particular strategy; in particular, they
may choose a joint strategy themselves.

any mixed group, defectors obtain strictly higher payoffs than cooperators (b; 1 > a; for all j).
(ii6) Mutual cooperation is favored over mural defection (n,,_; = Iy). To illustrate our results, we
will discuss two particular examples of multiplayer games (see Fig. S1B). In the first example, the
public goods game (3 1), cooperators contribute an amount ¢ > () to a common pool, knowing that
total contributions are multiplied by v (with 1 < v < n) and evenly shared among all group mem-
bers. Thus, a cooperator’s payoff is a; = re(j + 1) /n — ¢, whereas defectors yield b; = rej/n. In
the second example, the volunteer's dilemma (32), at least one group member has to volunteer to
bear a cost ¢ > U in order for all group members to derive a benefit & > ¢. Therefore, cooperators
obtain a; = b — ¢ (irrespective of j) while defectors yield b; = bif j = 1 and by = (. Both

examples (and many more, such as the collective-risk dilemma, (6, 7, 33)) are simple instances of
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multiplayer social dilemmas.

We assume that the social dilemma is repeated, such that individuals can react to their co-
players” past actions (for simplicity, we will focus here on the case of an infinitely repeated game,
but our results can easily be extended to the finite case, see Supporting Information). As usual,
payoffs for the repeated game are defined as the average payoff that players obtain over all rounds.
In general, sirategies for such repeated games can become arbitrarily complex, as subjects may
condition their behavior on past events and on the round number in non-trivial ways. Neverthe-
less, as in pairwise games (21), zero-determinant strategies are surprisingly simple — they depend
on the outcome of the last round only. In contrast to most previous studies on repeated games,
however, we do not presume that individuals act in isolation. Instead, we allow subjects to form
an alliance, which can be considered as a collection of players who coordinate on a joint strategy
(see Fig. 51C). In the following, we will discuss how the strategic power of such an alliance de-
pends on the number of involved players, on the social dilemma, and on the applied ZD strategy
of the allies.

Results

Fero-determinant sirategies in large-scale social dilemmas. 2D sirategies are particular memory-
one strategies (4, 21, 34, 35); they only condition their behavior on the outcome of the previous
round. Memory-one strategies can be written as a vector (ps ;). where pg ; denotes the probability
to cooperate in the next round, given that the player previously played S € {C', D}, and that j of
the co-players cooperated. ZD strategies have a particular form (see also Supporting Information):

players with a ZD strategy set their cooperation probabhilities such that

n—j—1

pes = 1+o[(l—s)i-a) - —L—

(Bj+1 — ﬂj]'] "

Pp; = ':5'[(1 — )1 —b;) + ﬁ”ﬂj - ”'_;'—l:l]:

where a; and b; are the specific payoffs of the social dilemma (as outlined in Fig. 1), and where
I, 5, and ¢ > () are parameters that can be chosen by the player. While these ZD strategies may
appear inconspicuous, they give playvers an unexpected control over the resulting payoffs of the
zame, as we will show below.

Instead of presuming that players act in isolation, as in previous models of zero-determinant
strategies (21-29) we explicitly allow subjects to form alliances, and to coordinate on some joint
ZD sirategy. Let & be the number of allies, with 1 < & < n — 1 (in particular, this covers the
case £ = 1 of solitary alliances). In the Supporting Information we prove that if each of the allies
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applies the same ZD-strategy with parameters [, =, and ¢, then payoffs satisty the equation

T_4 = sama+ (1 — 84l [2]

where 7 4 is the mean payoff of the allies. w_ 4 is the mean payoft of all outsiders, and

sin—1)— (k- l}.

— &

(3]

-‘J"A—

Relation [2] suggests that by using a ZD strategy, alliances exert a direct influence on the payoffs
of the outsiders. This relation is remarkably general, as it is independent of the specific social
dilemma being played, and as it is fulfilled irrespective of the strategies that are adopted by the
outsiders {in particular, outsiders are not restricted to memory-one strategies: it even holds if some
or all of the outsiders coordinate on a joint strategy themselves). We call the parameter ! the
baseline payotf, s the slope of the applied ZD strategy. and =4 the effective slope of the alliance.
In the special case of a single player forming an alliance, & = 1, the effective slope of the alliance
according to Eq. [3] simplifies to 54 = 5.

The parameters [, 5, and & of a ZD strategy cannot be chosen independently, as the entries pg ;
of a ZD strategy are probabilities that need to satisfy 0 < pg; = 1. In general, the admissible
parameters depend on the specific social dilemma being plaved. In the Supporting Information we
show that exactly those relations [2] can be enforced for which either s 4 = s = 1 (in which case
the parameter ! in the definition of ZD strategies is irrelevant), or for which the parameters [ and

5 4 satisfy

Illﬁx{u’ij — m“}_f — ﬂj—l]} << ]Ill]l{u._,- + Tﬁiﬁ:ll—_ﬁ']mj-'-l — E}.J'}} . [4]

where the maximum and minimum is taken over all possible group compositions, (1 < § < n — 1.
It follows that feasible baseline payoffs are bounded by the payoffs for mutual cooperation and
mutual defection, by < ! < a,_;, and that the effective slope needs to satisfy the inequality
—1/(n — k) < 54 < 1. Moreover, as social dilemmas satisfy b 1 = ay for all j, condition [4]
implies that the range of enforceable payoff relations is strictly increasing with the size of the al-
liance — larger alliances are able to enforce more extreme relationships between the payvotfs of the
allies and the outsiders. In the following, we will highlight several special cases of ZD strategies,

and we discuss how subjects can increase their strategic power by forming alliances.

Fair alliances. As a first example, let us consider alliances that apply a ZD strategy with slope
s4 = s = 1. By Eq. [2]. such alliances enforce the payoff relation w4 = m_ 4. such that the
allies” mean payoff matches the mean payoff of the outsiders. We call such ZD sirategies (and

the alliances that apply them) fuir. As shown in Figure 2A. fair strategies do not ensure that
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all group members get the same payoff — due to our definition of social dilemmas, unconditional
defectors always outperform unconditional cooperators, no matier whether the group also contains
fair players. Instead, fair players can only ensure that they do not take any unilateral advantage
of their peers. Interestingly, it follows from Eq. [3] that fair alliances consist of fair players:
because 54 = 1 implies = = 1, each player ¢ of a fair alliance individually enforces the relation
i = w—;. It also follows from our characterization [4] that such fair ZD strategies exist for all
social dilemmas — irrespective of the particular pavoffs and irrespective of the group size.

As an example, let us consider the strategy proportional Tit-for-Tat (pT FT), for which the
probability to cooperate is simply given by the fraction of cooperators among the co-players in the
previous round,

pTFTg; = —2 5]

n—1
For pairwise games, this definition of pT'FT simplifies to the classical Tit-for-Tat strategy. How-
ever, also for the public goods game and for the volunteer’s dilemma, pT FT is a ZD strategy
(because it can be obtained from Eq. [1] by setting s = 1 and & = 1/¢, with ¢ being the cost of
cooperation). As s = 1, alliances of pT' T players are fair, and they enforce w4 = m_ 4. Inter-
estingly, this strategy has received little attention in the previous literature. Instead. researchers
have focused on other generalized versions of Tit-for-Tat, which cooperate if at least i co-players
cooperated in the previous round (3, 36), ie. ps; = 0if ) < mand ps; = 1if j = m. Unlike
pTFT, these threshold strategies neither enforce a linear relation between payoffs, nor do they
induce fair outcomes, suggesting that pT F'T may be the more natural generalization of Tit-for-Tat

for large social dilemmas.

Extortionate alliances. As another interesting subclass of ZD strategies, let us consider strategies
that choose the mutual defection payoff as baseline pavoff, [ = Iy,. and that enforce a positive slope
0 < s 4 < L. For such strategies, relation [2] becomes m_ 4 = s 474 + (1 — 54 )by, implying that
the outsiders only get a fraction s 4 of any surplus over the mutual defection payoff. Moreover,
as the slope =4 is positive, the payoffs 74 and 7__4 are positively related. As a consequence,
the collective best reply for the outsiders is to maximize the allies” payoffs by cooperating in
every round. In analogy to Press and Dyson (21), we call such alliances extortionate, and we
call the quantity y = 1/s 4 the extortion factor. Extortionate alliances are particularly powerful
in social dilemmas in which mutual defection leads to the lowest group payoff (as in the public
goods game and in the volunteer’s dilemma): in that case, they enforce the relation 7— 4 < m.a;
on average, the allies perform at least as well as the outsiders (as also depicted in Figure 2B).
Similarly to the results for fair alliances, extortionate alliances consist of extortionate players: an
alliance that enforces the baseline payoff | = by and a slope ) < 5,4 < 1 reguires the allies to use

ZD strategies with [ = by and 0 < 5 < 1, such that each player ¢ individually enforces the relation
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Figure 52: Characteristic dynamics of pavoffs over the course of the game for three different
alliances. Each panel depicis the payoff of each individual group member (thin lines) and the
resulting average payvoffs (thick lines) for the alliance (blue) and for outsiders (red). (A) An
alliance that adopts a fair strategy ensures that the pavoff of the allies matches the mean payoff of
the outsiders. This does not imply that all outsiders yield the same payoff. (B) For games in which
mutual defection leads to the lowest group payoff, extortionate alliances ensure that their payoffs
are above average. (C) In games in which mutual cooperation is the social optimum, generous
alliances let their co-players gain higher payoffs. The three graphs depict the case of a public
goods game with = 4, ¢ = 1, group size n = 2(), and alliance size & = 8. For the strategies
of the outsiders we have used random memory-one strategies, were the cooperation probabilities
were independently drawn from a uniform distribution. For the strategies of the allies, we have
used (A) pTFT, (B) p™* with s = (.8, () p'r’"" with 5 = (L8,

T = & + {1 — .'f:lf.lu.
For the specific example of a public goods game, let us consider the ZD strategy p™* with
I=10,¢=1/e,and 0 = 5 < 1, for which Eq. [1] becomes

vy = e (s ($-5E)

poy = mg—(1—s)st

(6]

In the limit of & — 1, these extortionate strategies approach the fair strategy pT' F'T. However,
as s decreases from 1, the cooperation probabilities of p™* are increasingly biased to the own
advantage (with the probabilities pﬂj} decreasing more rapidly than the probabilities -_.r;ﬁj}. As
with fair strategies, such extortionate strategies exist for all repeated social dilemmas. However,
in large groups the power of alliances to extort their peers depends on the social dilemma, and on
the size of the alliance {as generally described by condition [4]).

For example, for single-player alliances (& = 1) in the public goods game, the feasible extor-
tion factors y are bounded when groups become large, with ypax = (n — 1)r/{(n — 1)r —n)
being the maximum extortion factor (see also (29)). To be able to enforce arbitrarily high exior-
tion factors, players need to form an alliance such that the fraction of alliance members exceeds

a critical threshold. By solving condition [4] for the case of extortionate coalitions with infinite
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extortion factors (Le., ! = () and =4 = (), this critical threshold can be calculated explicitly as

E_r—1
i 7]

Tl T

Only for alliances that have this critical mass, there are no bounds to extortion.

Generous alliances. As the benevolent counterpart to extortioners, Stewart and Plotkin were
first to describe a set of generous strategies for the iterated prisoner’s dilemma (22, 26). Unlike
extortioners, generous alliances set the baseline payoff to the mutual cooperation payoff { = o, 4,
while still enforcing a positive slope ) <0 54 < 1. This results in the payoff relation =_ 4 =
s ™4+ (1 — s.4)a,_q. such that a generous alliances accept a larger share of any loss (compared
to the mutual cooperation payvoff @, ). In particular, for games in which mutual cooperation
is the optimal outcome (as in the public goods game and in the prisoner’s dilemma, but not in
the volunteer’s dilemma), the payoff of a generous player satisfies w4 =< w_ 4 (see also Fig. 2C
depicting the case of a public goods game). As with fair and extortionate alliances, generous
alliances consist of players that are individually generous.

For the example of a public goods game, we obtain a particularly simple generous ZD strategy
p“ by setting [ = re —e, ¢ = 1/c, and 0 < & < 1, such that

(e i in—j—1j
pe = g (s ——

T_.Ll + (]. . .'i] n—glr—n

(]

: (8]

Ifﬁf'j =

In parallel to the extortionate strategy discussed before, these generous strategies approach pT T
in the limit of s = 1, whereas they enforce more generous outcomes for = < 1. Again, generous

strategies exist for all social dilemmas, but the extent to which players can be generous depends
on the particular social dilemma, and on the size of the alliance.

Equalizers. As a last interesting class of ZD strategies, let us consider alliances that choose
s = [k —1)/(n — 1), such that by Eq. [3] the effective slope becomes s4 = (. By Eq. [2].
such alliances enforce the payoff relation m_ 4 = [, meaning that they have unilateral control over
the mean payoff of the outsiders (for the prisoner’s dilemma, such equalizer strategies were first
discovered by (37)). However, as with extortionate and generous strategies, equalizer alliances
need to reach a critical size to be able to determine the outsiders™ payoff; this critical size depends
on the particular social dilemma, and on the imposed payoff ! (the exact condition can be obtained
from [4] by setting = 4 = 0).

For the example of a public goods zame, a single player can only set the co-players” mean

score if the group size is below n < 2r/(r — 1). For larger group sizes, players need to form
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Strateg Typical Prisoner’s . -
gy ‘P . Public goods game Volunteer's dilemma
class property dilemma
Fair Always Always Always
R T4 =Ta L . 5
strategies exist exist exist
In large groups, single players
Extortionate s < Always  cannot be arbitrarily extortionate.  Even large alliances cannot
strategies mA = exist but sufficiently large alliances be arbitrarily extortionate
can be arbitrarily extortionate
In large groups, single players
Generous 4> Always cannot be arbitrarily generous, Do not ensure that own
strategies mA = A exist but sufficiently large alliances payoft is below average
can be arbitrarily generous
Al May not be feasible for single Only feasible if the size of
. Always . . - :
Equalizers m_g =1 . [ players, but is always feasible for  the alliance is & = n — 1,
exis - i
sufficiently large alliances can only enforce [ = b — ¢

Table 1: Strategic power of different ZD sirategies for three different social dilemmas. In the
repeated prisoner’s dilemma, single players can exert all strategic behaviors (21, 26, 27). Other
social dilemmas either require players to form alliances in order to gain sufficient control (as in
the public goods game), or they only allow for limited forms of control (as in the volunteer’s
dilemmal.

alliances, with

k " fn—2)r—1)
n- on+(n-—2Ww

9]
being the minimum fraction of alliance members that is needed to dictate the outsiders’ payoft.
Although the right hand side of Eg. [9] is monotonically increasing with group size, equalizer
alliances are always feasible; in particular, alliances of size & = n — 1 can always set the payoff

of the remaining player to any value between 0 and re — ¢

Strategic power of different ZID strategies. Table | gives an overview for these four strategy
classes for three examples of social dilemmas. It shows that while generally ZD strategies exist
for all group sizes, the power of single players to enforce particular outcomes typically diminishes
or disappears in large groups. Forming alliances allows players to increase their strategic scope.
The impact of a given alliance, however, depends on the specific social dilemma: while alliances
can become arbitrarily powerful in public goods games, their strategic options remain limited in
the volunteer's dilemma.

While fair, extortionate, and generous alliances enforce different pavoff relations, simulations

suggest that each of these strategy classes has its particular strength when facing unknown oppo-
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Figure 53: The effect of different alliance strategies and various alliance sizes. Each panel shows
the outcome of simulated public goods games in which the alliance members interact with n — k&
random co-players (uniformly taken from the set of memory-one straiegies). We compare the
success of different alliances along three dimensions: the relative payoff advantage of the alliance
(defined as 74 /7_ 4), the payoff inequality within a group (defined as the mean variance between
payoffs of all group members), and the absolute payoff of the alliance (as given by 7 4). Simu-
lations suggest that (A) extortionate alliances gain the highest relative payoft advaniages, (B) fair
alliances reduce inequality within their group, and (C) sufficiently large generous alliances get the
highest payoffs. For the simulations, we have used a public goods game (r = 3, ¢ = 1) in a group
of size n = T; data was obtained by averaging over 300 randomly formed groups. The strategy of
the alliance members was pT F'T, p""“' (with 5 = 01.85), and p“" {with = = (0.85), respectively.

nents (Figure 3). Forming an extortionate alliance gives the allies a relative advantage compared to

the outsiders, and by increasing the alliance’s size, allies can enforce more extreme relationships.

10
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Forming a fair alliance, on the other hand. is an appropriate measure to reduce the payoft inequal-
ity within a group — while the other two behaviors, generosity and extortion, are meant to induce
unegual payoffs (to the own advantage, or to the advantage of the outsiders members, respec-
tively), fair players actively avoid generating further inequality by matching the mean payvoft of
the outsiders. Generous alliances, however, are most successful in increasing the absolute payoffs.
While it is obvious that generous alliances are beneficial for the outsiders (and that this positive
effect is increasing in the size of the alliance), Figure 3 suggests that even the allies themselves
may benefit from coordinating on a generous alliance strategy. Fair and extortionate alliances are
programmed to fight back when being exploited; this is meant to reduce the outsiders” payoffs, but
it also reduces the payoffs of the other allies. Therefore, when the alliance has reached a critical
size, it is advantageous to agree on a generous alliance strategy instead (but without being overly
altruistic), as it helps to avoid self-destructive vendettas.

Thiz somewhat unexpected strength of generous strategies is in line with previous evolution-
ary results for the iterated prisoner's dilemma. For this pairwise dilemma, several studies have
reported that generosity, and not extortion, is favored by selection (25-27). Such an effect has
also been confirmed in a recent behavioral experiment, in which human cooperation rates against
generous strategies were twice as high as against extortioners, although full cooperation would
have been the humans' best response in both cases (38). Our results suggest that in multiplaver
dilemmas, generous alliances are able to induce a similarly beneficial group dynamics. In the
Supporting Information we show that if a generous alliance has reached a critical mass, it be-
comes optimal for outsiders to become generous too (independent of the specific social dilemma,
and independent of the strategy of the remaining outsiders). Once this critical mass is achieved,
generosity proves self-enforcing.

Discussion

When subjects lack individual power to enforce beneficial outcomes, they can often improve their
strategic position by joining forces with others. Herein, we have used and expanded the theory of
zero-determinant strategies (21, 25, 26) to explore the role of such alliances in repeated dilemmas.
We have found that three key characteristics determine the effect of an alliance of ZD strategists:
the underlying social dilemma, the size of the alliance, and the strategy of the allies. While subjects
typically have little influence to transform the underlying dilemma, we have shown that they can
considerably raise their strategic power by forming larger alliances, and they can achieve various
objectives by choosing appropriate strategies.

Our approach is based on the distinction between alliance members (who agree on a joint ZD
strategy ), and outsiders {who are not resiricted to any particular strategy, and who may form an

alliance themselves). This distinction allowed us to show the existence of particularly powerful
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alliances, and to discuss their relative strengths. As an interesting next step of research, we plan
to investigate how such alliances are formed in the first place (which is typically at the core of
traditional models of coalitions, e.g. (39)), and whether evolutionary forces would favor particular
alliances over others (40). The results presented herein suggest that subjects may have various
motives to join forces. As particular examples, we have highlighted extortionate alliances {who
aim for a relative payoff advantage over the outsiders), fair alliances (who aim to reduce the
inequality within their group), and generous alliances (who are able to induce higher payoifs
as they avoid costly vendettas after accidental defections). Whether such alliances emerge and
whether they are stable thus needs to be addressed in light of the respective aim of the alliance:
when subjects are primarily interested in low inequality, then forming a fair alliance is an effective
means to reach this aim; and once a fair alliance is formed, inequity-averse subjects have little
incentives to leave (even if leaving the alliance would allow them to gain higher payoffs).

While we have focused on the effects of alliances in multiplaver social dilemmas, it should be
noted that our results on ZD strategies also apply for solitary alliances, consisting of single players
only. Thus, even if players are unable to coordinate on joint strategies, zero-determinant strategies
are surprisingly powerful. They allow players to dictate linear payoff relations, irrespective of
the specific social dilemma being playved, irrespective of the group size, and irrespective of the
counter-measures taken by the outsiders. In particular, we have shown that any social dilemma
allows players to be fair, extortionate, or generous. At the same time, zero-determinant strategies
are remarkably simple. For example. in order to be fair in a public goods game (or in a volunteer's
dilemma), players only need to apply a rule called proportional Tit-for Tat pT'F'T: if § of the n—1
other group members cooperated in the previous round, then cooperate with probability j,/(n — 1)
in the following round. Extortionate and generous strategies can be obtained in a similar way, by
slightly modifying pT"F'T to the own advantage or to the advantage of the outsiders.

While these results were derived for the special case of infinitely repeated games, they can be
extended to the more realistic finite case. In finitely repeated games, end-game effects may prevent
alliances to enforce a perfect linear relation between payoffs, but it is still possible to enforce
an arbitrarily strong correlation between payoffs, provided that the game is repeated sufficiently
often. Similarly, we show in the Supporting Information, that it is not necessary that all alliance
members coordinate on the same ZD strategy, and that different alliance members may apply
different strategies. However, we have focused here on the case of symmetric alliances with a
joint strategy, because they are most powerful: any payoff relationship that can be enforced by
asymmetric alliances with different ZD strategies, can also be enforced by a symmetric alliance.

Owerall, our results reveal how single plavers in multiplayer games can increase their strategic
power by forming beneficial alliances with others, helping them to regain control in large-scale

social dilemmas.
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In the following. we develop a theory of zero-determinant strategies (ZD strategies) and alliances for general
multiplayer social dilemmas. We begin by defining the setup of our model of repeated social dilemmas
(Section ). Thereafter, we derive the existence and the properties of ZD strategies for solitary alliances
with a single player (Section 2), and then for general alliances with an arbitrary number of playvers (Section
3). Moreover, we explore which ZD strategies give rise to stable Nash equilibria, and we discuss which
alliances are self-enforcing when subjects strive for high payoffs (Section 4). As applications, we study
alliances in the repeated public goods game and in the repeated volunteer's dilemma (Section 5). The

appendix contains the proofs for our results.
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1 Setup of the model: Repeated multiplayer dilemmas

We consider repeated social dilemmas between n players (as illustrated in Fig. | of the main text). In each
round, players may either cooperate (C) or defect (D), and the players’ payoffs for each round depend on
their own action, and on the number of cooperators among the other group members. Specifically, in a
group with j other cooperators, a cooperator receives the payoff a;, whereas a defector obtains b;. To

qualify as a social dilemma, we assume that one-shot payoffs satisfy the following three conditions:

i) Independent of the own action, players prefer their co-players to be cooperative,

wja) =y and by = b forall jwith0 < §j < n— L [51]

(1) Within each mixed group, defectors strictly outperform cooperators,

g1 = a; forall jwithd < j < n— 2, [52]

(i) Mutual cooperation is preferred over mutal defection,

a1 = by [53]

As particular examples of such social dilemmas, we discuss the linear public goods game (e.g. (31)) and
the volunteer's dilemma (32) in Section 5.

Let us assume that the social dilemma is repeated for A rounds (in the main manuscript, we have
focused on the special case M — =c). For such repeated games, a player's strategy needs to specify how
to act in given round, depending on the outcomes of the previous rounds. Given the strategies of all group
members, let us denote player i's expected payoff in round m as m;(m), and the average payoff of his

co-players as m_;(m) = > . m;(m]/(n — 1). If the social dilemma is repeated for M rounds, we define

JFi
payoffs for the repeated game as the average payoff per round,

M=1

i = % E il ).

m=(l
S4
-1 [ ]

Wy = %Z:-i{m].

m=(l

For infinitely repeated games, payoffs are then defined by taking the limit M — oo For simplicity, we
assume that these limits exist (which holds, for example, under the realistic assumption that players some-
times commit implementation errors, (35)).

While in general, strategies for repeated games can be arbitrarily complicated, ZD strategies are a subset
of a particularly simple class of strategies called memory-one strategies (21, 34, 35). In finitely repeated

ni-player games, such strategies can be written as a vector

P= (P Pen—1,PCn—2, - POG PDn—1:PDn—2 - PD.0). [55]
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where p, is the player’s probability to cooperate in the first round, and ps ; is the probability to cooperate in
round m > 2, given that the player previously played S = {(', D'}, and that § of his co-players cooperated.
In infinitely repeated games, the outcome of the first round can often be neglected: in that case, one may

drop the entry for py; from the representation of memory-one strategies (21, 22, 24-29)_ vielding
P = (PCn—1.Pon-2: . PCO} PDn—1:PDn—2 - PD0)- [S6]

If the group contains only players with memory-strategies, the caleulation of payoffs according to [S4]
becomes particularly simple. In that case. the repeated game can be described as a Markov chain, as the
outcome in the next round only depends on the outcome of the previous round (4, 34, 35). While the
assumption of memory-one strategies often simplifies calculations, we will show below that the properties
of ZD strategies hold irrespective of the strategies of the other group members (in particular, ZD) strategists

do not require their co-players to apply memory-one strategies).

2 ZD strategies for solitary players

As specified in the main text, ZD strategies are particular memory-one strategies. We say that a player
adopts 8 ZD strategy, if the player chooses three constants [, s, and ¢ # (0, and then calculates the respective

cooperation probabilities in [S6] as

Com—j—1
pey; = 1+ ‘-'-’['[l —s){l —a;) - %(h‘j.‘.] —uJ;}]
: 57
pp; = -;v[fl - )1 = by) + == (b, —u_l;_ljl].

It is the following property of ZD strategies that is central to our analysis:

Proposition 1 (ZD strategies enforce a linear relation between payoffs.)
Suppose player i applies a ZD strategy with parameters [, s, and ¢ = (1 in a repeated game with A4 rounds.
Then payoffs obey the relation

|1rr_,- —sm;— (1 — .*]F| = ,_.;;.Tl'l,; [S8]

In particular, in the case of infinitely repeated games, M — ~c, payoffs satisfy
Ty = sm 4 (1 — s [59]

It is worth to highlight several features of Proposition 1. First, the Proposition makes no assumptions on the
strategies of the other group members, nor does it make restrictions on the specific social dilemma. Player
¢ can thus enforce linear relations of the form [S8)] and [59]. independent of the behavior of i's co-players,
and independent of the exact strategic situation (in fact, the proof of Proposition | does not make use of
the assumption that the game is a social dilemma). In Figure 84, we illustrate this result for two different
social dilemmas (the public goods game and the volunteer's dilemma). and for two different ZD strategies
(a2 generous and an extortionate ZD strategy). Second, while we have focused on infinitely repeated games

in the main text, relation [S8] shows how our results generalize for finitely many rounds. Even in the finite

15

EFTA01074282



A Public Goods Game B Volunteers Dilemma

Average payoll Average payoll
of eo—-playars of co—players
E m_, [b-c.b]
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Figure 54: Nlustration of ZD-strategies for (A) the linear public goods game and (B) the volun-
teer's dilemma. The blue-shaded area represents all feasible payoffs, with the r-axis representing
the payoff of plaver i, and with the p-axis representing the mean payoff of s co-players. The
dashed diagonal gives the payoff combinations for which m; = w_;. In both graphs, the strategy
of player ¢ is fixed to some zero-determinant strategy, whereas for the co-players we have sampled
10* random memory-one strategies. Red dots represent the resulting payoff combinations, and the
grey line gives the prediction according to Eq. [S9]. For both graphs, we have considered an in-
finitely repeated game in a group of size n = 4. Parameters: (A) Public goods game with + = 2.4
and ¢ = 1. For the strategy of player ¢ we have used a generous ZD strategy with parameters
l=re—re s=2/3 ¢ =1/2 (B) Volunteer's dilemma with b = 1.5, ¢ = 1: player ¢ applies an
extortionate strategy with parameters { = 0, 5 = 9/10, & = 1/2.

case, player ¢ can enforce an arbitrarily strong correlation between the players’ payoffs, provided that the
round number A is sufficiently large compared to the parameter ¢b. Third, Proposition | gives a natural
interpretation for the three parameters [, s and ¢. The baseline payoff { corresponds to the players’ payoffs
if all group members apply the same ZD strategy (in which case 7_; = m;); the slope s determines how
strong the payoffs m; and 7_; are related; and by [SE] the parameter ¢ determines the rate of convergence
with .

A player cannot enforce arbitrary payoff relations [S9] because the parameters I, s and ¢ need to be set
such that all cooperation probabilities in [S7] are in the unit interval. We thus say that a payoff relation ({,s)
is enforceable, if there is a ¢ = (I such that (| < pg ; < 1 forall § & {0, 0% and all j with 0 < § < n — 1,

The following gives a characterization of the possible payoff relations that a single player can enforce.

Proposition 2 {Characterization of enforceable payoff relations)

For a given social dilemma, the payoff relation (1. ) is enforceable if and only if either s = 1 or

Mmax {f}j — = B —f:J-_1}} = [ £ 1min {ui +ﬁ%[bﬁ| —ﬂ}j}. [S10]

DEg<n—1 Dejsin—1

In particular, enforceable payoff relations satisfy —ﬁ “a< l.andifs < 1thenby <! < a,_1.
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A Public Goods Game B Wolunteers Dilemma

Figure 55: Enforceable payoff relations for (A) the linear public zoods game and (B) the vol-
unteer’'s dilemma. A pair (!, 5) is enforceable for a given group size n if the point is within the
respectively shaded area. The set of enforceable pairs for large n is a subset of the the respective
set for smaller v, i.e. the set of enforceable pairs shrinks with increasing group size. Parameters:
{A) Linear public zoods game with » = 2.4, ¢ = 1. {B) Volunteer's dilemma with b = 1.5, ¢ = 1.

As a corollary, we note that if for a given slope s the baseline payoffs {; and !5 are enforceable, then so is
any baseline payoff between § and (5. Figure 55 gives an illustration of the enforceable payoff relations,
again for the two examples of a public goods game and a volunteer's dilemma. In particular, it shows that
the space of enforceable payoff relations shrinks with group size. Proposition 2 confirms that this effect can
be ohserved for all social dilemmas (more specifically, for all games that satisfy ;41 = ;). Thus, in larger

groups, a single player has less strategic options to enforce particular payoff combinations.

3 ZD strategies for alliances

To extend this result for single subjects to alliances, let us suppose the first & players form an alliance

A= {1, ...k}, and they agree on a joint zero-determinant with parameters [, s, ¢. Thus, each of the allies
i = A enforces the relation m_; = sm; + (1 — s)l. Summing up over all allies 1 < i < k yields
k-1

Iz
(1 +...+1’I'k:|+”_ (Me+1+...+ ) =s(m+.. + ) + k(1 —s)lL [S11]

n—1 1

Rearranging these terms then implies

T+ e sn—1)—(k—1) (ﬂf-+---+ﬂk) N (1_ -*(“‘1}‘{k‘1})f, [S12]

n—= h n—k [ n—=&

or, in a more intuitive notation,
Mo = 84Tq + {1 — s, [513]

Slope s
4
n=10
1= 10 o
n=4
n=3
=5 1
Baseline o N , Baseline
payoll 1] b—g payolf
I I
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with 7 4 being the mean payoff of the allies, 7_ 4 being the mean payoff of the outsiders, and

_osin—1)—(k—1) )
84 — [S14]

being the effective slope of the alliance. Thus the results for a single ZD strategist naturally extend to the
case of arbitrarily many allies. For the set of enforceable payoff relations (I, 5 4) we can give an analogous

characterization:

Proposition 3 (Characterization of enforceable payoff relations for alliances)
For a given social dilemma, an alliance with £ members can enforce the payoff relation (1, 5 4) if and only
ifeither 5.4 = 1 or

TIAx I{bJ - m{f{; — ﬂj—l}} << Ilf]j'.lfj:}—1{ﬂj + ﬁ%ﬁ“}j‘ﬂ —u_,'}} . [515]

=j<n—

In particular, if a given payoff relation ([, 5 4) can be enforced by some alliance of ZD strategists (possibly
by using different ZD strategies). then it can be enforced by a symmetric alliance {where all players apply
the same ZD strategy). Moreover, enforceable payoff relations satisfy —"—1_;__- Zsq = landifsyg <1
then by < < a,_1.

As a consequence of Proposition 3 we note that space of enforceable payoff relations (1.5 _4) increases with
the size of the alliance £ (this holds true for any game in which b; | = a; for all 7). Thus, while Proposition
2 has led to the conclusion that players lose their strategic options as groups become large, Proposition 3
suggests that players can offset this loss of strategic power in large groups by forming alliances.

4 Self-enforcing alliances

Let us next explore which ZD-strategies form a Nash eqguilibrium (i.e., which ZD strategies can be stably
maintained in a population, assuming that players aim at high payoffs). Having the previous section in mind,
we may ask equivalently: suppose there is an alliance with & = n — 1 players. applying some ZD-strategy.
In which case would it be optimal for the remaining player to apply this ZD-strategy too? To respond to
this question, let us consider an alliance .4 = {1,...,n— 1} applying a ZD strategy with parameters [, s, ¢
As a minimum requirement for this strategy to be an equilibrium, the remaining player »n must not have
an incentive to choose a different ZD-strategy with parameters [, s, , ¢, By [54], such a deviating player
enforces the payoff relation

T4 = 8,70 + (1 — 5,00, [516]

whereas, by [S13]. the alliance A enforces the payoff relation
T _"‘.J.?T_d.+{1 _"‘A}I' [SI?]

Assuming s, < 1, this system of linear equations yields the following payoff for the deviating player

_ {[1 - S_d::l + {:zs_d{l - "“":z]
1- &4 Sn -

Tn

[S18]

21

EFTA01074285



By adhering to the alliance strategy, player i would obtain the payoff [, Thus, deviating from the alliance

strategy yields an advantage if
[Ir“ — 11.%_4(1 — .\',;I
m — 1= - - = 1. [519]
1- SA85n

We can distinguish three cases:
1. 54 = Inthat case m, — [ = 0, i.e. player n cannot improve his payoff by deviating unilaterally.

2. 54 = (0 In that case 7, — [ = 0 if and only if I, = [. Thus, to be stable against invasion of other
ZD strategists, the alliance needs to apply a strategy with the maximum possible baseline payoff,

=i,
3 54 < (0 then w, —{ = 0if and only if {,, — I < (). Thus the ZD-strategy of the alliance is stable
against invasion by other ZD-strategists if and only if [ is minimal, i.e. | = fy.

As the following Proposition shows, this result also holds if deviating players are not restricted to zero-
determinant strategies.

Proposition 4 {Pure Nash equilibria among ZD-strategies)
Consider a ZD-strategy with parameters [, s, ¢, and a social dilemma in which mutual cooperation is the

best outcome for the group, whereas mutual defection is the worst possible outcome,

by < min Jajoy £ n— J)b; 1
T ooZjan b ="

[520]

Let 5 4 be defined as in Eq. [S14]. for & = n — 1. Then the ZD-strategy is a Nash equilibrium if and only
if one of the following three cases holds:

I. 54 = Lie, if applied by n — 1 players, the ZD-strategy acts as an equalizer.
2. 54 = 0and! = a,,_,, ie., if applied by n — 1 players, the ZD-strategy is generous.

3 54 < Uand ! = by, ie., if applied by r — 1 players the ZD-strategy is selfish.

Some observations are in order. First, the three conditions in Propostion 4 do not depend on ¢, Whether
a ZD-strategy is stable depends on the enforced payoff relation only (i.e., on [ and s), but not on the exact
strategy that gives rise to this payoff relation.

Second, the stability of a ZD-strategy does not depend on the sign of s, but on the sign of 54 =
{m— L)s — (n — 2). In particular, a generous ZD-strategy with parameters ! = a,_; and s = {1 is only
stable if it is not too generous, 5 > (i — 2] /{n — 1). Thus, only for pairwise dilemmas (with n = 2}, any
generous ZD strategy is stable (25, 26); as the group size increases, generous strategies need to approach
the fair strategies (with 5 = 1) in order to be stable.

Third. Proposition 4 also allows us to respond to the question when an alliance is self-enforcing (in the
sense that outsiders prefer to join the alliance, once the alliance has exceeded a critical size &), If players are
only interested in high absolute payoffs (and not in fairmess, or in relative payoff advantages). then alliances

gither need to be equalizers. generous, or selfish in order to be self-enforcing.
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5 Applications

5.1 Public goods games

As one particular example of a multiplayer dilemmas, let us first study the properties of repeated public
goods games. In a public goods game, each player of a group can cooperate by contributing an amount
¢ = () to a public pool. Total contributions are multiplied by a factor r with 1 <0 v < n, and evenly shared
among all group members. Thus, payotfs are given by

5+ 1re jre

aj=-1"—""—c and b, = JT [S21]

For solitary alliances, some of the properties of ZD strategies for public goods games have been recently
described by (29), using an independent approach. Here we complement and extend these results; in par-
ticular, we discuss the effect of alliance sizes & = 1.

Because the payoffs of the public goods game are linear in the number of players . the characterization
of enforceable payoff relations according to Eq. [S15] becomes particularly simple {as only the boundary
cases 7 = 0 and j = n — 1 need to be considered). We conclude that alliances of size £ can enforce a linear

relation with parameters ({.s 4) if either s 4 = 1 or

o (n—1jre n—1e o N e (n—1)c 5
nhm{ﬁ._ - T < {< min+¢ re—c, - + Tsam-F " [§22]

5.1.1 Solitary players

For ki = 1, the condition [S22] simplifies even further; a single player can enforce a linear relation with
parameters ([, 5) if and only if either s = 1, or the following two inequalities are satisfied

1] < [ = e —

e : e : [523]
i — L)re o < | < (i — e ¢
7 1—s5 — n 1 —=

I/

Figure 55 shows the set of all pairs (1, ) that satisfy the above constraints for various group sizes n. We get

the following conclusions for the existence of extortionate strategies, generous strategies, and equalizers:

I. Extortionate strategies ([ = o = ()). By the inequalities [S23], extortionate strategies need to
satisfy
(n—1)r —n

(n—1)r [524]

In particular, for r = u/{n — 1. solitary players cannot enforce arbitrarily high extortion factors

v = 1/=. Instead the set of feasible extortion factors is bounded from above by

— 1w
Xmax = lrﬂ—.:l? = 1. [8§25]
(h—1}—mn

For large group sizes, 1t — oo, this implies a maximum extortion factor y .. = /(v — 1).
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2. Generous strategies (| = a,_; = re — ). By the inequalities [S23], the slope of a generous ZD

strategies needs to satisfy the same constraint [$24] as extortionate strategies.

3. Equalizers (s = (). For equalizers, the inequalities [S23] imply there are three regimes:
(a) Ifr < n/{n — 1), all baseline payoffs ) = [ < re — ¢ can be enforced.

by fn/(n—1) <+ < n/({n—2), only a limited subset of baseline payoffs (| < | < rc — ¢ can
be enforced.

ic) fr = n/in— 2), there are no equalizers.
In particular, we conclude that for a given multiplication factor » = 1 the set of equalizer strategies
disappears as groups become large.
5.1.2 Alliances

By [522], alliances with & > 1 can enforce a linear relation with parameters (1, s 4) if and only if either

54 = 1, orif the two following inequalities hold:

{ =

[

re —

: . ) Yo [S26]
(n—1jrc {n—1)¢ < | ir— e N i — L)

n (I—sq){n—Fk)y ~ m (1 —sa)(n—k)}

14

For the special cases of extortionate strategies. generous strategies, and equalizers, these inequalities allow

us to derive the following conclusions:

1. Extortionate strategies (I = by = (). The inequalities [S26] can be rewritten as a critical threshold
on the fraction of alliance members that is needed to enforce a certain slope s 4,
B_or(l—s4)—-1

e

1t r(l—s4) [527]

In particular, if an alliance wants to enforce arbitrarily high extortion factors ¥ — oo, then s 4 =

1 /% — 0 and the critical threshold becomes k/n = (v — 1]/r.

2. Generous strategies (| = o, = re¢ — ¢). The inegualities [526] lead to the same threshold for

f /1 as in the case of extortionate strategies, as given in [S27].

3. Equalizers (s = (). For equalizers, the inequalities [526] lead to two critical thresholds; in order to
be able to set the payoffs of the outsiders to any value between (1 < [ < »e — ¢, the fraction of the

allies needs to satisfy
k —1
s [528]
n T

However, to be able to set the payoffs of the outsiders to some value between () < [ < re — ¢, the
number of allies only needs to exceed

ko n=2)r—-1)

il n+(n—2)r

I

[520]
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5.2 Volunteer's Dilemma

In the volunteer’s dilemma, at least one of the players needs to cooperate and pay a cost ¢ = (), in order for

all group members to derive a benefit b = ¢ = (). Thus, the payoffs are given by
a; =b—c forall j, and by =6 if j =1 and by = 0. [530]

To characterize the enforceable payoff relations, we note that by condition [S15] exactly those parameters

! and 5 4 can be enforced for which either s 4 = L or
o
T—sa)n—F)

In the special case of extortionate strategies (! = (), this implies that a given slope s 4 can only be enforced

IMAX {ﬂ: b — } Zl<h—r [531]

by an alliance of ZD strategists if
ke 1 s

Z21- ;“——‘*AJ“ [532]
In particular, it follows that even large alliances cannot be arbitrarily extortionate (setting s 4 = () on the
right hand side implies that such alliances would need to satisfy & = n—1). Instead, the maximum extortion
factor for an alliance of ZD strategists is given by yua. = b/ (b — c).

For equalizers (s = (), the inequalities in [S31] imply that alliances can only unilaterally determine the

outsiders” payoffs if £ = n — 1, in which case only the baseline payoff | = b — ¢ is enforceable.

A Appendix: Proofs

Proof of Proposition 1. The proof is an extension of previous proofs for pairwise games (387 ) to the case
of multiplayer games. It is useful to introduce some notation. Let g_".;_J be ¢'s payoff in a given round if
plaver i chooses action § € {(, [7}, and if j of the co-players cooperate, that is

. a; f§=0C
G5 ;= [533]
5.3 { b, if§=D.

Similarly, let ggg be the average payoff of the other group members in that case, that is

ja; +in—3—1)hj

— s =0

ga; =4 . . [534]
J L-.ru_;_.-kfn—}—ljf}_f S — D
n—1 '

Moreover, let w5 ;(m] be the probability that in round m, the focal player i chooses S and that j of his

co-players cooperate. Let us collect these numbers and write them as vectors,

Ei = {ﬂ!r'.n—1=-----fl'ci'.|1=-fl'i:.r.—1=-----fl'j.r.u:l
E-i = {ﬂr_'.in—1=-----'fl'c_'.zn--'fl'z:«:.n—l------'fl'fr.iu:l [S35]
vim) = (voa_i(m),...,vcolm),vpn_1(m)..... vpo(m)) .
25
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With this notation, plaver i's expected payoff in round m can be written as m; (m) = g; - v{m), whereas the
expected payoff of the co-players is given by 7_;(m) = g_; - v{m). Finally, let 1 be the 2n-dimensional
vector with entries 1, and let gy be the 2n-dimensional vector in which the first n entries are | and the last

71 entries are (1,

1 = (lL....11....1)
[536]
g0 = (1...,1,0,...,0).
We note that zero-determinant strategies are exactly those strategies for which
P = o+ 6[(L— 51— &) + B — B-i). (5371

Finally, let g (m) denote the probability that player ¢ cooperates in round m. We can write g (m) =
go - vim) and g (m + 1) = p - vim). Thus, it follows for w(m) = ge(m + 1} — ge(m) that
wim) = (p—go)-vim) = @[[1—3][!1—@;-.]+g-.—g_5]-v(m] = e;v[.'sr:,l[m_‘.l+[l—.w-:lf—?r_,-{m'] . [838]

Taking the definition of w(m), summing up over m, and taking the limit M — 0o yields

M M

ﬁ > wim) = % ,.,Z:.qr(m +1) = ge(m) = go (M +:} —qc(0)  qo(M Lu LY.
On the other hand, due to [S38],
1 A . & M . )
7 mz=1 win) = T mg:l smilm) + (1 — s}l —m_;(m) = | s + {1—sl— r:_i] [540]
As the two limits need to coincide, and as |geo{M + 1) — pg| = 1, the result follows. O

Proof of Proposition 2. Let us first show that the parameters s.¢ of a zero-determinant strategy satisfy
“11 =< 5= land ¢ = ), and that for 5 < 1 the baseline payoffs fulfill b, < ! < a,_,;. By the definition

of zero-determinant strategies, the cooperation probahilities after mutual cooperation and mutual defection

are given by

- = 1 Ml — sl — — 1
e 1 +.G|: ":I{ fi 1.:' [54”
PJD.(I = l'.'-"l:l - -\'J{{ —hu].

As these two entries need to be in the unit mterval, it follows that

A1 — &) — g, = 1]

I [ 'sjl{ an—1l = (S42]

1] < ol —s){l —by)
Adding up these two inequalities implies ¢{1 — s)(by — a,—1) = 0, and therefore
@il —s) = (L [543]

Analogously, by taking into account that the entries pe, —2 and pp 1 need to be in the unit interval, one
finds that |
@(H_) >0, [544]

n—1

26

EFTA01074290



Adding up the two inequalities [S43] and [S44] shows that ¢¢ = (). As a consequence, it follows from [543]
and [S44] that —1/{r — 1) £ s < 1. Lastly, Inequalities (S42) then imply for s # L that by < 1 < a, 4.
Let us now turn to the characterization of enforceable payoff relations: If s = 1, the entries of a zero-
determinant strategy p according to representation [S7] do not depend on the parameter {. By choosing
¢ = {1 sufficiently small. the inequalities pg ; are satisfied for any social dilemma (in fact, for any game in
which b; = a;_, for all 5.
Now suppose 5 # 1 and p is a zero-determinant strategy. As ¢ > (), the representation of zero-
determinant strategies [587] implies the following consiraints on the entries pg ;:
(1—s)(l—a;) — Z==(bjsy —a;) = 0
[S545]
(1—s){l —b))+ =5(b; —a;—1) = 0.

Dividing by 1 — s = () shows that the inequalities [545] are eguivalent to condition [S10]. Conversely,
suppose condition [S10] and thus the inequalities [545] are met. Then only the parameter ¢ = () has to be

chosen sufficiently small to ensure that all entries satisfy 0 < ps; < 1 in representation [S7]. O

Proof of Proposition 3. Condition [S15] is derived from the corresponding condition [S10] for solitary
players, by using the relation between 54 and s in Eq. [S514]. Thus, for symmetric alliances, the result
follows directly from Proposition 2. It is only left to show that every linear relationship of the form [S13]
that can be enforced by an asymmetric alliance (in which allies may use different ZD strategies) can also be
enforced by a symmetric alliance {in which all allies use the same ZD strategy). To this end, let us consider

an asymmetric alliance A = {1, ..., K} that collectively enforces some linear relation between payoffs,
Tog =844+ (1 — 54004, [546]
and where each ally ¢ £ 4 individually enforces the relation
T = sm + (1 — sl [547]

By summing up all equations [547] and rearranging the terms, we obtain

K k
B siln— 11— .k:—ljm in—1— (k=10
A=) — g(l— — )E [S48]

i=1

As the right hand sides of [S46] and [S50] need to coincide, we have

II‘l.

k i \ \
; siln—1)— (k- 1) sin—11— (k=10 §;
sAY (1 —sa)ly = : LY (1 - : < [849]
; k Z i — & ke Z 1=k ke

i=1 i=1

Both sides of this equation represent a linear function in the variables 7. A comparison of coefficients

vields
sin—11—(k—1)
n—k '

4= [S50]
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In particular, it follows that 5y = s = ... = 5, =: & lLe. an alliance of ZD strategists that enforces a
linear relation between payoffs needs to coordinate on the same slope. In that case, {4 can be calculated
as g = E:;l I;/k. ie. 4 is the arithmetic mean of the individual baseline payoffs ;. In particular,
mini; < {4 < max/[;. As all players of the alliance applied a ZD strategy. it follows that (min [;. 5} and
{max {;, s} are enforceable, and therefore also ({_4,5) (as outlined in the first sentence after Proposition 2).
Thus, there is a symmetric alliance. in which all allies use the same ZD strategy with parameters ([ 4, s).
that enforces the relation [546]. O

Proof of Proposition 4. We already know that for a ZD-strategy to be a Mash equilibrium, one of the three
conditions need to be fulfilled (otherwise there would be a different ZD-strategy that vields a higher payoff).
Conversely, let us assume that one of the three conditions of the Proposition is fulfilled.

1. If 54 = [, then the remaining player obtains a payoff of 7, = I, irrespective of n's strategy. In

particular, there is no incentive for player n to deviate.

2. Suppose sy = 0,1 = a,_q, and let us assume to the contrary that the zero-determinant strategy is not
a Nash-equilibrium. Then there is a strategy for player n such that n's payoff satisfies 7. > an-1.
However, as 4 enforces the relation 7, = 5474 + (1 — 54 )a,_;, and as s 4 = (), we can conclude
that m 4 = fn 1. [t follows that the average payoff of all group members exceeds a, . contradicting

the assumption that a,,_; is the maximum average payoff per round.

3. Under the assumption that by, is the minimum average payoff per round, the case s 4 < Oand [ = By

can be treated analogously to the previous case.

O
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